INTRODUCTION

Ž .
A field E is said to be stable, if the Schur index ind D of each central Ž . division E-algebra D of finite dimension is equal to the exponent exp D , w x i.e., the order of the similarity class D as an element of the Brauer group Ž . Br E ; we say that E is stable closed, if its finite extensions are stable fields. The class of stable closed fields is considerably smaller than the Ž . class of stable fields see Proposition 4.1 and Corollaries 2.6, 4.4, and 4.5 . Both classes are naturally singled out by the well-known general relations Ž w between indices and exponents of central simple algebras cf. P, Sects.
x. 14.4 and 19.6 . Index-exponent relations are subject to additional restrictions when the centres of these algebras are global fields or other fields Ž w often used in algebra, number theory, and algebraic geometry cf. P, Sects.
Ž . 17.10 and 18.6; Ar, Theorem 1.1 ; L , Theorems 5, 6, and 12; MS, 2 Ž . Ž .x. 16.8 ᎐ 16.10 . The corresponding results have been obtained as consequences of arithmetic, diophantine, topological, or other specific properties of the centres. In particular, the stability of global fields and local fields follows from the description of their Brauer groups by class field Ž w x . theory cf. We, Chap. XII, Sect. 2, and Chap. XIII, Sect. 6 . We refer the w x reader to Ar, FSa , for examples of stable fields given by commutative algebra and the theory of algebraic surfaces. It is not known whether the mentioned results can be proved and interpreted in a unified manner. This raises the interest in the systematic study of stable fields from suitably chosen special classes.
As a step in this direction, this paper deals with the problem of characterizing stable fields with Henselian valuations by the algebraic properties of their value groups and residue fields. The obtained results give a full answer to the discussed question for several important classes of the considered valued fields, including the classes of almost perfect equicharacteristic fields, discrete valued fields with perfect residue fields, and iterated Laurent formal power series fields in n G 2 indeterminates. They also show that the only obstruction to the general solution of the posed problem is laid by the relations between Schur indices and exponents of central division algebras of q-primary dimensions over Henselian valued fields with residue fields of characteristic q ) 0. The paper gives a possibility of studying stable fields by applying various constructive methods. This enables one to understand better a number of properties of these fields, e.g., the behaviour of their Galois cohomological invariants and the Ž w x . structure of their Brauer groups see Corollary 4.8 and Ch , Ch . Throughout this paper, simple algebras are assumed to be associative with a unit and of finite dimensions over their centres. As usual, Brauer groups of fields are considered to be additively presented, Galois groups are regarded as profinite with respect to the Krull topology, and homomorphisms of profinite groups are supposed to be continuous. Our basic terminology and notations concerning valuation theory, simple algebras, Brauer groups, field extensions, Galois theory, profinite groups, and Galois Ž w cohomology are standard as those used, for example, in E, JW, TY, P, L , 1 x. Se, K . For convenience of the reader, we recall in Section 1 a part of the vocabulary of valuation theory, together with some preliminaries needed for the further discussion. The main results of the paper are presented in Sections 2 and 3: Theorem 2.1 describes the basic relations between value groups and residue fields of stable fields with Henselian valuations, and Theorem 3.1 gives a general sufficient condition for stability of Henselian valued fields. In Section 4, we discuss consequences of the main results. They show that the stability of a Henselian valued field allows much greater diversity in its structure than the property of being stable closed.
PRELIMINARIES AND THE FIRST NECESSARY CONDITION FOR STABILITY OF HENSELIAN VALUED FIELDSŽ
. Let K be a field with a Krull valuation¨, and let¨K , O , and K be K Ž . the value group, the valuation ring, and the residue field of K,¨, Ž . respectively. We say that¨K is a totally indivisible group, if it is Ž Ž . Ž .. ii¨extends to a uniquely determined valuation on each algebraic extension of K;
Ž .
iii Every division K-algebra of finite dimension has a unique valuation extending¨.
For a proof of the equivalence of the conditions in 1.1 , we refer the w x Ž .Ž . reader to R, Er, W . It is clear from 1.1 i that K has the following properties when¨is Henselian:Ž . 1.2 Let p be a prime number not equal to char K. Then:
Ž . i 1q␣ is a pth power of an element of O whenever¨␣ ) 0; The description of the algebraic properties of stable fields with Henselian valuations is simplified by the notions of a Z -extension, an almost perfect p field, a quasi-local field, and a p-group of Demushkin type, and also, by some notions used in the theory of ordered fields. Let us note that a field M is said to be formally real, if y1 is not presentable over M as a finite sum of squares; M is called a nonreal field, otherwise. We say that M is Pythagorean, if it is formally real and the element a 2 q b 2 is a square in Ž . M, for each pair a, b g M = M. By a Z -extension, we mean a Galois p extension with a Galois group isomorphic to the additive group Z of p p-adic integers. A field E is said to be almost perfect, if every finite extension of E is simple, i.e., generated by a primitive element. This condition can be restated by saying that either char E s 0 or char E sÄ q 4 ) 0 and the degree of E over the subfield E s ␣ : ␣ g E is equal to 1 Ž w Ž .x. or q cf. Ch , 4.1 . The described alternative is valid, for example, when 4 E is a rational function field or a formal Laurent power series field in onẽ indeterminate over a perfect field E; in these cases, E is perfect if and only if char E s 0. A field F is called quasi-local, if the following statement is true, for every finite extension F rF: 
iii K is not a perfect field and either char K s p or char K s 0 and 
Ž . satisfies condition i of Case 3.
Proof. The fields K and K can be obtained by adjoining to K some .
nd a residue class out of the prime subfield of K, and a satisfying one 1 of the following two conditions: is not a pth power in K.
Denote by the element q 1 y when char K s 0 and put
s . y in case that char K s p. Ž . these cases that¨ s 0, the residue class is a primitive element for 3 3 3ˆˆK
over K, and the field extension K rK is purely inseparable of degree 3 3 p 2 . Lemma 2.4 is proved.
Ž . Suppose that K,¨is a Henselian valued stable field. It follows from Ž . Lemma 2.4 and the discussion preceding it that K,¨, p , and K satisfy Ž . the conditions of Theorem 2.1 i . Another result of this discussion is that if 
Ž . duced by the ordering F on¨K so that g F g whenever ii , so it suffices to consider the special case of char K s 0 and char K s p. 
A SUFFICIENT CONDITION FOR STABILITY OF HENSELIAN VALUED FIELDS
The main result of this section shows that a Henselian valued fieldŽ . Ž . K,¨is stable whenever char K s 0 and the properties of K and¨K are admissible by Proposition 1.1 and Theorem 2.1. On the other hand, it is not difficult to see that Proposition 1.1 and Theorem 2.1 do not provide generally valid sufficient conditions for stability of K. For example, statew x Ž .Ž . w ments TY, Theorem 4.1 with its proof , 1.3 , and P, Sect. 13.4, Corolx lary imply, for each prime q, the existence of a Henselian valued field Ž . L ,w of characteristic q with an algebraically closed residue field and aŽ . divisible value group, admitting immediate central division L -algebras q of exponent q and index q n , for every n g N. This gives a good idea of the possible difficulties in analyzing the relations between Schur indices and exponents of central division K-algebras of q-primary dimensions whenˆŽ . char K s q. In this section we prove that if the properties of K and¨K are admissible by Proposition 1.1 and Theorem 2.1, then only these relations can be an obstruction to the stability of K. We also show that this obstruction vanishes in several interesting special cases. 
, and T of p-power dimensions, such that S is inertial and T is totally ramified over K, V possesses a maximal subfield V inertial over K, and another maximal subfield V totally ramified over
. phic to the centre Z D of D.
Ž .
Ž . We first prove that V is a cyclic K-algebra, ind V s exp V and Ž . Ž . w Ž .x ind D s exp D . It follows from JW, Theorem 2.8 b and the propertieŝˆô f S that the residue division ring S is a central algebra over K; since K iŝ Ž . Ž . assumed to be stable, the quoted theorem also shows that ind S s ind Ŝ Ž . Ž . Ž . see from 1.3 that¨T r¨K is an abelian p-group of rank F 3. More w x precisely, Theorem 1.10 of JW , this observation, and the fact that T is Ž . Ž . totally ramified over K indicate that¨T r¨K is isomorphic to the Ž . direct sum of two cyclic groups of order ind T . It is therefore clear from w x Proposition 3.14 of PY , with its proof, that T has the properties required Ž .Ž . Ž .Ž . by 3.2 ii . Statement 3.2 iii is now obvious for V s K, so we prove it Ž . assuming that V / K and T s A , ; K , for some , g K *. We have ⑀ Ž . already seen that V can be identified with the cyclic K-algebra V , , , . .Ј. , for suitably chosen elements g K * and Ј g K * with Ž . Ј s 0, and some integers i, j G 0 with a greatest common divisor relatively prime to p. It is clear from the definition of V that it is i j Ž . K -isomorphic to V , , . . Ј , i.e., can be taken so that s 1. As Ž . Ž . We are now ready to show that ind ⌬ s exp ⌬ in the case of T / K. Our argument is based on the fact that S s K, i.e., ⌬ is similar to V m T. x . products cf. P, Sect. 9.3, Corollary b, and Sect. 9.4, Corollary a , proves the existence of the following sequences of isomorphisms of K -algebras,
Ž .
Ž . K generated by a p t th root of some element g K. As V is inertial over K -algebras A , ; K and A , ; K . Moreover, statements 
f N K rK . Hence, by P, Sect. 15.1, Corollary d , Ž . Ž . the proof of 2.2 that if char K s 0, char K s q ) 0 and t.¨q -¨ for Ž . Ž . Ž . all integers t and every g K *, such that¨ ) 0 and¨ f q.¨K , then¨induces on K a Henselian valuation w with a residue field k of Ž . Ž . Ž . zero characteristic and a value group w K , for which w K rq.w K is a Ž . Ž . q-group of rank q . Using the second part of the proof of 2.2 , one also Ž . obtains that if K and¨K satisfy the stability conditions of Theorem Ž . Ž . 2.1 ii with respect to q, then the same applies to K, k, and w K . Thus Ž .Ž . Ž . Theorem 3.1 b iii reduces to a special case of Theorem 3.1 a .ˆŽ . Suppose now that K is a perfect field, char K s q ) 0, q F 1, and ⌬ q is a defectless central division algebra over K of q-power dimension. The Ž . Ž . Ž . Ž . condition q F 1 and 1.3 imply that the quotient group¨⌬ r¨K is q Ž . cyclic and ⌬ possesses a subfield T containing K and such that¨T s
by P, Sect. 13.1, Corollary a , this shows thatŽ . Ž . the ramification index e ⌬ rK is bounded by ind ⌬ . As K is perfect, itw x Ž . is clear from A, Chap. VII, Theorem 22 and 1.3 that the residue divisionˆw x K -algebra ⌬ is a field; moreover, by JW, Theorem 2.9 , the inertial lift q X⌬ of ⌬ can be embedded as a K-subalgebra of ⌬ , so it follows from theˆŽ
. w x Henselian property of K,¨and JW, Proposition 1.7 , that ⌬ rK and q X Ž . ⌬ rK are cyclic field extensions of degree dividing e ⌬ rK . It can noweasily be seen from the assumption that ⌬ is defectless over K that 
i E¨ery finite separable extension of K is defectless;
ii E¨ery finite dimensional di¨ision K-algebra is defectless o¨er its centre.
Ž . w Proof. The implication ii ª i follows from TY, Proposition 3.1; M, x Ž . Ž . Sect. 4, Theorem 2 , so we prove that i ª ii . In view of the general Ž w x . structure of central simple algebras cf. P, Sect. 14.4 , and of statements Ž . necessary conditions for stability given by Theorem 2.1. Note also that K is an almost perfect field if and only if L is one. These observations, combined with Theorem 3.1 and Lemma 3.5, prove our assertion.
CHARACTERIZATIONS AND EXAMPLES OF HENSELIAN VALUED STABLE FIELDS
Ž . First we show that the spectrum of invariants p of Henselian valued stable fields with a given quasi-local perfect residue field F is fully Proof. If char K s 0, our assertion can be proved by applying Theorem 3.1 and Proposition 4.3 to the standard Z 2 -valued valuation of K. Simi-Ž . Ž . larly, the necessity of the conditions on K in statements i and ii follows from Proposition 1.1, Theorem 2.1, and Corollary 2.6. Conversely, thê Ž . sufficiency of the condition on K in i can be obtained as a consequence of Theorem 3.1 and the following statement:
Ž . F contains a primiti¨e pЈth root of unity, and P F consists of these primes
Ž . 4.1 Let K be an iterated formal power series field in 2 indeterminates over a perfect field K of characteristic q ) 0, such that eitherˆˆŽ . Ž Ž . . Ž . Ž . K q s K or G K q rK is isomorphic to Z . Then ind ⌬ s exp ⌬ , for q every central division K-algebra ⌬ of q-primary dimension.
Let ⌬ be a central division algebra of exponent q n over a field K Ž . satisfying the conditions of 4.1 . For the case of n s 1, Tignol has Ž w x. established cf. AJ that ⌬ is a cyclic K-algebra of index q, so one may assume further that n G 2. Tignol's result, applied to the underlying division algebra of the q ny 1 th tensor power of ⌬ over K, shows that there Ž . is an extension K Ј of K in K q of degree q, such that ⌬ m K Ј is a K central simple K Ј-algebra of exponent q ny 1 . It is not difficult to see from w conclusion also follows from Corollary 3.3 and Ch , Corollary 2. 
